Abstract. We investigate ∇-flat and pointwise-∇-flat functions on affine and Riemannian manifolds. We show that the set of all ∇-flat functions on (M, ∇) is a ring which has interesting properties similar to the ring of polynomial functions.
k-∇-flat functions on M is a vector space, whereas the set P(M, ∇) of all ∇-flat functions on M is a ring.
Example. Let M be an open subset of R n and ∇ denote the canonical connection on M , i.e. ∇ ∂/∂x i ∂/∂x j = 0. Then one can easily verify that f is k-∇-flat if and only if f is a polynomial function of degree < k ( 1 ).
Using the Baire property (cf. [He, Lemma 3 .1]) one can prove the following 
Let (M, ∇) be an affine manifold. Take p ∈ M , and let G be an open and star-shaped neighbourhood of zero in T p M such that the exponential mapping exp at p is defined on G.
Proof. If k = 0 then the assertion is obvious. Suppose that k ≥ 1. Set v ∈ G. Put ϕ = ϕ v for simplicity. Take t 0 ∈ I. Let I ⊂ I be a neighbourhood of t 0 such that ϕ|I is an embedding. Put I = ϕ(I ). Suppose E is a vector field defined on an open neighbourhood of I in M such that E • ϕ =φ. Define now the affine connection ∇ on I by putting ∇ E E = 0. Let ∇ be the canonical connection on I . Since ϕ is a geodesic curve,
By the definitions of ∇ and ∇ it follows immediately that ϕ :
Consider now an arbitrary v ∈ G and put P = f • exp. Using the chain rule, we obtain
Hence P is a polynomial function of degree < k.
( 1 ) Throughout this paper the degree of the zero polynomial function is −∞.
A straightforward consequence of Proposition 1.1 is the following
2. Main results. Let (M, ∇) be an affine manifold. Recall (see [KN, Theorem 8.7(2) ]) that each q ∈ M has a neighbourhood W such that any p ∈ W has a normal neighbourhood containing W . Suppose that E = M \V = ∅. Let q ∈ E. Take p such that f is k-∇-flat on some neighbourhood of p and a normal neighbourhood Ω of p containing q. We may suppose that Ω = exp(G), where G is as in the previous section. Since exp : G → Ω is a real analytic diffeomorphism it suffices to show that f • exp is a polynomial function on G. Take any v ∈ G and let ϕ : I → Ω be a geodesic curve such that ϕ(0) = p andφ(0) = v. Put I = ϕ(I ). Let ∇ be an affine connection on I defined as in the proof of Proposition 1.1. If ∇ is the canonical connection on I then ϕ : (I , ∇ ) → (I , ∇ ) is an affine diffeomorphism, hence for any r ≥ 0, ∇ r (f • ϕ) = ϕ ∇ r f . Since ϕ is a geodesic curve, one can easily check that ϕ ∇ r f = ϕ ∇ r f . This implies that the restriction of f to I is pointwise-∇ -flat on I and ∇ k f = 0 on some neighbourhood of p in I , therefore f • ϕ is pointwise-∇ -flat on I and ∇ k (f • ϕ) = 0 on some open interval contained in I . Since ∇ is the canonical connection on I , Lemma 1.1 implies now that
Suppose now that both M and ∇ are just smooth. Let P = P(M, ∇) and Proof. Fix p ∈ M . Let Ω be a normal neighbourhood of p and let G = exp −1 (Ω). Let P Ω k denote the vector space of all restrictions of members of P k to Ω. Using Theorem 1.1 and identifying the space of all polynomial functions on G of degrees < k with R k we see that exp :
Let now (M, g) be a connected Riemannian manifold and let ∇ be LeviCivita's connection on M . Proof. Since (M, g) is a complete, the exponential mapping at p is defined on the whole tangent space T p . Since f is bounded, Theorem 1.1 implies that f must be constant on some neighbourhood of p. Theorem 2.2 is now a consequence of Proposition 2.1.
